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Abstract 
In the manufacturing process of a filler-reinforced composite, the fillers are partially aligned 
due to the shear flow in the drawing stage. Besides, various imperfections form at the interface 
between the matrix and the fillers, leading to debonding and slip under mechanical loading. 
There have been numerous micromechanics studies to predict effective moduli of the 
composites in the presence of partial alignment of fillers and interface imperfections. Here, we 
present an improved theory that overcomes two limitations in the existing micromechanics 
based approaches. First, we find that the interface damage tensor for axisymmetric ellipsoidal 
inhomogeneity developed to model the interfacial damage leads to the prediction of infinite or 
negative effective moduli. We show that these anomalies can be eliminated if correctly derived 
damage tensor is used. Second, we reveal that the previous theory on the effective moduli with 
axisymmetric filler orientation distribution fails because longitudinal and transverse moduli 
predictions do not converge in the limit of random orientation distribution. With appropriate 
corrections, we derive analytic expressions for the orientation average of arbitrary transversely 
isotropic 4th order tensor under general axisymmetric orientation distribution. We apply the 
improved method to compute the effective moduli of a polymer-carbon nanotube composite 
with non-uniform filler orientation and interface damage. 
  
1. Introduction 
Due to remarkable mechanical, electrical, and thermal properties, nanocomposites 
reinforced with carbon nanotubes (CNTs), graphene, and nanowires have attracted 
considerable attention because of their numerous potential applications, including flexible 
sensors (Amjadi et al., 2014; Lee et al., 2015), lithium batteries (Cui et al., 2008; Huang et al., 
2002; Oh et al., 2010), optical device (Lü et al., 2006; Lü et al., 2005), and flexible energy 
storage devices (Nyholm et al., 2011; Pushparaj et al., 2007). To effectively design and make 
use of the nanocomposites, it is essential to accurately predict the effective properties of the 
composite as a function of shape, volume fraction, and orientation distribution of fillers. 
For example, the piezoresistivity of the metal nanowire-polydimenthylsiloxane 
(PDMS) composites has been utilized for the highly stretchable strain sensors (Amjadi et al., 
2014). The effective electrical property of such composites has been analyzed by solving three 
dimensional electric circuit constructed from a percolation network of thousands of nanowires 
(Lee et al., 2015). For other examples, the finite element method (FEM) was used to compute 
the effective moduli of composites at the bulk scale (Banerjee and Sankar, 2014; Sodhani and 
Reese, 2014; Sun et al., 2001), whereas molecular dynamics (MD) simulations were used at 
the atomic scale (Alian et al., 2015; Yang et al., 2013a; Yang et al., 2013b). The above examples 
require computationally expensive and time-consuming calculations to consider large 
simulation cells involving many fillers to serve as representative volume elements (RVEs).  
To compute the effective properties more efficiently, various micromechanics-based 
approaches have been used, such as the Eshelby method, the Mori-Tanaka (MT) method, and 
the Self-Consistent (SC) method. Eshelby was the first to introduce the Eshelby tensor (ܵ) and 
to solve the single inhomogeneity in the matrix by converting the problem into an equivalent 
eigenstrain problem (Eshelby, 1957). The ܵ tensor, which is a 4th order tensor that depends on 
the matrix properties and the shape of fillers, relates the eigenstrain of inclusion (ߝ∗) and the 
constrained strain of the inclusion (ߝ଴) (ߝ଴ ൌ ܵ: ߝ∗) at single inclusion problem. As extensions 
of the approach, the MT method and the SC method were devised; these methods are mean-
field homogenization schemes to treat the multiple inhomogeneity problems (Hill, 1965; Qiu 
and Weng, 1990; Withers et al., 1989). The MT method is the most popular method because it 
provides more accurate predictions on the effective properties than the Eshelby method and has 
an explicit closed-form solution, whereas the SC method relies on implicit equations. However, 
the original MT method has two limitations: first, it does not account for the imperfections in 
the filler-matrix interface, such as debonding and slip; second, it is only applicable when all 
fillers in the matrix are aligned perfectly along one direction. 
To take into account the reduced effective modulus from the interfacial damage, Qu et 
al. introduced the interface spring model, which assumes a virtual linear spring at the interface 
to allow for a displacement jump across the interface (Qu, 1993). The 4th order interfacial 
damage tensor (ܴ tensor) (which is referred to as ܪ tensor in Qu et al.(Qu, 1993)) was defined 
to represent the degree of damage as a function of the filler shape and the compliance of the 
interface springs. The modified Eshelby tensor is then obtained by using the ܴ tensor, which 
eventually leads to the change in the effective modulus prediction. Barai et al. firstly derived 
the closed form of the ܴ tensor for the prolate shape filler (Barai and Weng, 2011). Because 
the shape of most fillers (such as spherical nanoparticles or carbon nanotube) can be 
approximated as axisymmetric ellipsoids with varying aspect ratio, the approach has been used 
to predict the effective moduli of various composites (Pan et al., 2013; Shokrieh et al., 2016; 
Yang et al., 2013b). Although incorrectly derived ܴ tensor leads to the infinite or negative 
effective moduli for some ranges of filler aspect ratio, those anomalies have never been 
recognized in the previous studies (Pan et al., 2013; Shokrieh et al., 2016; Yang et al., 2013b). 
The fillers in the matrix are partially aligned because of the shear flow in the drawing 
stage (Fan and Advani, 2005; Fu et al., 2000; Pötschke et al., 2005). Hence, it is crucial to 
predict the effective modulus as a function of the filler orientation distribution (Buck et al., 
2015). Odegard et al. suggested the orientation average of 4th order stiffness tensor using the 
3 െ 1 െ 3 Euler angle and showed that the effective moduli become anisotropic when the 
fillers are partially or fully aligned (Odegard et al., 2003). However, we find that their 
prediction on the effective moduli with axisymmetric filler orientation distribution fails 
because the longitudinal and transverse moduli do not converge in the limit of random 
orientation distribution due to the geometrical constraint of the Euler angle scheme. Meantime, 
the orientation average scheme of Odegard et al. has been applied to the study of the effective 
moduli of composites with various types (Alian et al., 2015; Nguyen et al., 2013; Pan et al., 
2016). 
To date, researchers have applied the micromechanics to predict the effective moduli 
of composites for either random or fully aligned orientation distribution of fillers when 
accounting for the interfacial damage (Dinzart and Sabar, 2017; Kundalwal and Kumar, 2016; 
Pan et al., 2013). For the studies considering realistic partial alignment of fillers (Dunn et al., 
1996; Jiang et al., 2007; Nguyen et al., 2013), the imperfect interfacial bonding has not been 
considered. In this work, we propose an improved micromechanics model by correcting the 
two problems regarding the interface damage and the orientation average, and provide an 
efficient way of computing the effective moduli of composites for general axisymmetric 
orientation distribution of fillers. We demonstrate that the singularities in effective modulus 
prediction can be removed when the corrected ܴ tensor is used. We obtain the closed form of 
ܴ tensor for both prolate and oblate shape fillers and validate our results against the numerical 
integration results. We also confirm that our expressions of ܴ tensor satisfy two limiting cases, 
i.e., aspect ratio of 1 and infinity, at which analytic forms are readily available (Qu, 1993). 
Instead of the 3 െ 1 െ 3 Euler angle, we use polar and azimuthal angles on the unit sphere to 
represent the filler orientation and derive algebraic expressions of orientation average for the 
general transversely isotropic 4th order tensor under axisymmetric filler orientation distribution. 
We confirm that the longitudinal and transverse elastic moduli obtained from the correct ܴ 
tensor and orientation average scheme converge in the random orientation distribution limit. 
Our results can be widely used to describe composites that include particles and fillers at 
various aspect ratios. 
  
2. Micromechanics 
2.1 Interfacial damage modeling 
We adopt Hill’s notation to calculate the effective modulus of RVE which is depicted 
in Fig. 1. Walpole’s scheme is used to perform the complex calculations of 4th order tensors, 
such as double inner product and inverse conveniently (Qiu and Weng, 1990). In what follows, 
the capital sized alphabets represent 4th order tensors, and the colons denote double inner 
product. The effective stiffness tensor of the composite in the original MT approach is 
expressed as below. 
ܮ௘௙௙ ൌ ሺܿ଴ܮ଴ ൅ ܿଵܮଵ: ܣሻ: ሺܿ଴ܫ ൅ ܿଵܣሻିଵ (1)
where ܮ଴ and ܮଵ are the stiffness tensors of the matrix and filler, respectively. ܫ is the 
symmetric identity tensor. ܿ଴  and ܿଵ  refer to the volume fraction of matrix and fillers, 
respectively; thus, ܿ଴ ൅ ܿଵ ൌ 1. In MT method, the tensor ܣ is the local strain concentration 
tensor which relates the volume averaged strains in matrix ሺߝ଴ഥ ሻ  and fillers ሺߝଵഥ ሻ  by the 
definition of 	 ߝଵഥ ≡ ܣ: ߝ଴ഥ  . The local strain concentration tensor is obtained from a single 
inhomogeneity problem by comparing strain within the inhomogeneity and external 
strainሺߝଵ ൌ ܣ: ߝ௘௫௧ሻ . We do not need volume average here because the strain within the 
inhomogeneity is uniform. After solving linear elasticity for the single inhomogeneity problem, 
the A tensor can be expressed in terms of Eshelby tensor(ܵ ) and stiffness tensor of each 
phasesሺܮ଴, ܮଵሻ, as Eq.(2). 
ܣ ൌ ሾܫ ൅ ܵ: ܮ଴ିଵ: ሺܮଵ െ ܮ଴ሻሿିଵ (2)
The Eshelby tensor (ܵ) for the prolate and oblate inclusions has been derived in the literature 
(Qiu and Weng, 1990), as summarized in the Appendix. 
Because the original MT method is only applicable when the fillers are completely 
aligned and have perfect bonding with the matrix, the modified Mori-Tanaka (mMT) approach 
must be employed to account for the imperfect bonding at the interface (slip or debonding). To 
model the interfacial damage, we consider the displacement jump across the interface by 
adopting the linear spring model (Qu, 1993) (see Fig.2), 
∆ݑ௜ ൌ ߟ௜௝ߪ௝௞݊௞, ߟ௜௝ ൌ ߙߜ௜௝ ൅ ሺߚ െ ߙሻ݊௜ ௝݊ (3)
where the ߟ௜௝ tensor refers to the compliance of the interface spring in the tangential ሺߙሻ and 
normal ሺߚሻ  directions. The ݊௜  represents outward direction unit normal vector at the 
inclusion surface. After solving single inclusion problem with the displacement jump, the 
modified Eshelby tensorሺ ሚܵሻ is given as follows (Qu and Cherkaoui, 2006),  
ሚܵ ൌ ܵ ൅ ܵ: ܴ: ܮ଴: ሺܫ െ ܵሻ. (4)
In this work, we limit our focus on the axisymmetric (prolate and oblate) ellipsoidal 
fillers with two semi-axial lengths of ܽଵ along the ݔଵ direction and ܽ along the ݔଶ and ݔଷ 
directions. Due to the nonphysical overlapping arising from a nonzero ߚ (Luding, 2008), the 
ܴ tensor is typically expressed by considering only tangential spring compliance as 
ܴ௜௝௞௟ ൌ ߙሺ ௜ܲ௝௞௟ െ ܳ௜௝௞௟ሻ (5)
where 
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and 
ܳ௜௝௞௟ ൌ 34ߨන ቈන ݊పෝ ఫ݊ෝ݊௞ෞ݊௟ෝ݊
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with ࢔ෝ ൌ ቀ௖௢௦ట௔భ ,
௦௜௡ట௖௢௦ఞ
௔ ,
௦௜௡ట௦௜௡ఞ
௔ ቁ
் , ݊ ൌ ඥ݊పෝ݊పෝ ൌ ଵఘ௔ඥcosଶ ߰ ൅ ߩଶ sinଶ ߰ , and	 ߩ ൌ
௔భ
௔ . 
߰ and χ are two parameters that represent the surface integral domain, i.e. the surface of the 
ellipsoidal inclusion. The non-zero independent components of ܲ and ܳ can be obtained 
from the integral given below: 
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(8)
Other components can be obtained by using the symmetry condition in the 2-3 plane as well as 
the minor and major symmetry of ܲ and ܳ tensors. In the limit of zero spring compliance 
(i.e. ߙ ൌ 0), the modified Eshelby tensorሺܵሻ	 becomes the original Eshelby tensor൫ ሚܵ൯ because 
ܴ becomes zero tensor. The effective moduli in the mMT scheme can be obtained by replacing 
the original Eshelby tensorሺܵሻ with the modified Eshelby tensor൫ ሚܵ൯ (Qu, 1993),  
ܮ௘௙௙ ൌ ൫ܿ଴ܮ଴ ൅ ܿଵܮଵ: ܣሚ൯: ൫ܿ଴ܫ ൅ ܿଵܣሚ ൅ ܿଵܴ: ܮଵ: ܣሚ൯ିଵ (9)
where ܣሚ is the modified local strain concentration tensor, ܣሚ ൌ ൣܫ ൅ ሚܵ: ܮ଴ିଵ: ሺܮଵ െ ܮ଴ሻ൧ିଵ. 
We plot the five independent ܲ and ܳ components as functions of the aspect ratio 
ߩ	 in Fig.3. We confirm that the newly derived analytic expression of ܳଵଵଶଶ matches with the 
numerical integration obtained by Gaussian quadrature. In addition, our expression matches 
with the readily available analytic expressions at two limiting cases of ߩ ൌ 1 and ߩ ൌ ∞ in 
Qu et al. (Qu, 1993). We present the validation of all other nonzero components in Fig.3. We 
find that there exists a mathematical error in ܳଵଵଶଶ component and typographical errors in the 
ܳଵଵଵଵ and ܳଶଶଶଶ components in the previous study (Barai and Weng, 2011; Hashemi, 2016) 
and that these errors were applied to the several follow-up studies (Barai and Weng, 2011; Pan 
et al., 2013; Shokrieh et al., 2016; Yang et al., 2013b). The uncorrected ܳଵଵଶଶ diverges as the 
aspect ratio goes to unity and is larger than the correct value in the entire range of ߩ. Because 
the R tensor affects modified Eshelby tensor and effective modulus, the effective moduli based 
on non-corrected R tensor have singularities at some values of the aspect ratio.  
 
2.2 Orientation average scheme 
The derived mathematical expression on the effective modulus is only applicable for 
the composites with completely aligned fillers. However, in the realistic composites, fillers are 
randomly oriented or partially aligned (Fu et al., 2000; Pötschke et al., 2005; Zaixia et al., 2006) 
as depicted in Fig. 4. Because the originally randomly oriented fillers in the liquid-state matrix 
are drawn along one axis (Xଵ) in most manufacturing processes and experiments, we limit our 
focus on the axisymmetric orientation distribution. Following the previous studies(Odegard et 
al., 2003), we define the orientation averaged Mori-Tanaka (oaMT) as Eq. (10). 
ܮ௘௙௙ ൌ ൫ܿ଴ܮ଴ ൅ ܿଵ ൏ ܮଵ: ܣሚ ൐൯: ൫ܿ଴ܫ ൅ ܿଵ ൏ ܣሚ ൐ ൅ܿଵ ൏ ܴ: ܮଵ: ܣሚ ൐൯ିଵ (10)
where the operator ൏൐ denotes the orientation average of each tensor. When the orientation 
distribution ߣሺߠሻ is function of	 ߠ only, i.e. for axis-symmetry distribution, the orientation 
average of an arbitrary 4th order tensor X can be defined as 
൏ ܺ ൐௜௝௞௟ൌ
׬ ׬ ௜ܺ௝௞௟ᇱ ሺ߶, ߠሻߣሺߠሻ sinሺߠሻ ݀߶݀ߠగିగ
గ
ଶ଴
׬ ׬ ߣሺߠሻ sin ߠ ݀߶݀ߠగିగ
గ
ଶ଴
 (11)
where ߠ and ߶ are azimuthal and polar angle with respect to the global coordinate (see 
Fig.5). ܺ′ is the tensor transformed to global coordinate system. Following the coordinate 
transformation rule of 4th order tensor with rotation matrix ࢉ , ௜ܺ௝௞௟ᇱ  can be expressed as 
Eq.(12). 
௜ܺ௝௞௟ᇱ ൌ ܿ௜௣ ௝ܿ௤ܿ௞௥ܿ௟௦ܺ௣௤௥௦	 	 ࢉ ൌ ൥
cosߠ െsinߠ 0
sinߠcos߶ cosߠcos߶ െsin߶
sinߠsin߶ cosߠsin߶ cos߶
൩ (12)
The axisymmetric orientation distribution function can be categorized into three types: 
3D random, normal distribution, and aligned. 
ߣሺߠሻ ൌ 1 : 3D random distribution 
ߣሺߠሻ ൌ expሺെ݇ߠଶሻ : normal distribution (13)
ߣሺߠሻ ൌ ߜሺߠሻ : aligned distribution 
As visualized in Fig.6, when ݇  in the normal distribution goes to zero or infinite, the 
distribution converges to random or fully aligned distributions, respectively. We note that 
previously used 3 െ 1 െ 3  Euler angle set cannot describe the axisymmetric distribution 
along the Xଵ axis due to the geometrical constraint, while several studies have adopted the 
3 െ 1 െ 3 Euler angle set to describe the composites with axisymmetric filler orientation 
distribution (Alian et al., 2015; Nguyen et al., 2013; Pan et al., 2016). When k goes to zero, i.e., 
for a random orientation distribution, the composite must behave as an isotropic material. 
However, as shown in Fig.7, the longitudinal and transverse Young’s modulus from the 
previous study do not converge to the same value in the random orientation limit. In contrast, 
the oaMT with our orientation average scheme predicts that both longitudinal and transverse 
moduli approach the modulus of the composite with randomly oriented fillers, whose analytic 
expression is available.  
The evaluation of the orientation average in Eq. (11) is rather difficult because it 
involves complex transformations of 4th order tensor to global axis. Hence, no analytic 
expression exists on the orientation average for general axisymmetric distribution, whereas 
analytic expressions were derived for the two limiting cases of the 3D random and fully aligned 
distributions. To facilitate the use of the oaMT, we derive algebraic expressions of the 
orientation averaged transversely isotropic 4th order tensor under general axis-symmetry 
distribution of ߣሺߠሻ. We express the orientation average of the transversely isotropic 4th order 
tensor ൏ ܣ ൐  under arbitrary axis-symmetry distribution function, 	 ߣሺߠሻ , following Hill’s 
notation, as 
	 ܣ ൌ ሺ2݇଴, ݈଴, ݈଴ᇱ , ݊଴, 2݉଴, 2݌଴ሻ → ൏ ܣ ൐ൌ ሺ2݇ଵ, ݈ଵ, ݈ଵᇱ , ݊ଵ, 2݉ଵ, 2݌ଵሻ. (14)
For the transversely isotropic 4th order material stiffness tensor, one can write Hooke’s law 
using the six elastic constants, as follows,  
ሺߪଶଶ ൅ ߪଷଷሻ ൌ 2݇଴ሺߝଶଶ ൅ ߝଷଷሻ ൅ 2݈଴ᇱ ߝଵଵ, 
ߪଵଵ ൌ ݈଴ሺߝଶଶ ൅ ߝଷଷሻ ൅ ݊଴ߝଵଵ, 
ሺߪଶଶ െ ߪଷଷሻ ൌ 2݊଴ሺߝଶଶ െ ߝଷଷሻ, 
ߪଶଷ ൌ 2݉଴ߝଶଷ, ߪଵଶ ൌ 2݌଴ߝଵଶ, ߪଵଷ ൌ 2݌଴ߝଵଷ 
(15)
We find that the six independent components of ൏ ܣ ൐ can be expressed as arithmetic sum of 
eight constants ܾ଴, … , ܾ଻ which are simple integrals including ߣሺߠሻ. 
݇ଵ ൌ 14ܾ଴ ൤݇଴ሺܾ଴ ൅ ܾଵ ൅ 2ܾଶሻ ൅ ݈଴ሺܾଷ ൅ ܾସሻ ൅ ݈଴
′ ሺܾଷ ൅ ܾସሻ ൅ ݉଴ሺܾ଴ ൅ ܾଵ െ 2ܾଶሻ ൅ ݊଴ሺܾହሻ ൅ ݌଴ሺ4ܾଷሻ൨ 
݈ଵ ൌ 12ܾ଴ ൤݇଴ሺܾଷ ൅ ܾସሻ ൅ ݈଴ሺܾଵ ൅ ܾଶሻ ൅ ݈଴
′ ሺܾହሻ ൅ ݊଴ሺܾଷሻ ൅ ݉଴ሺܾଷ െ ܾସሻ ൅ ݌଴ሺെ4ܾଷሻ൨ 
݈ଵ′ ൌ
1
2ܾ଴ ൤݇଴ሺܾଷ ൅ ܾସሻ ൅ ݈ሺܾହሻ ൅ ݈଴
′ ሺܾଵ ൅ ܾଶሻ ൅ ݊଴ሺܾଷሻ ൅ ݉଴ሺܾଷ െ ܾସሻ ൅ ݌଴ሺെ4ܾଷሻ൨ 
݊ଵ ൌ 1ܾ଴ ൤݇଴ሺܾହሻ ൅ ݈଴ሺܾଷሻ ൅ ݈଴
′ ሺܾଷሻ ൅ ݊଴ሺܾଵሻ ൅ ݉଴ሺܾହሻ ൅ ݌଴ሺ4ܾଷሻ൨ 
݉ଵ ൌ 18ܾ଴ ൤݇଴ሺܾ଴ ൅ ܾଵ െ 2ܾଶሻ ൅ ݈଴ሺܾଷ െ ܾସሻ ൅ ݈଴
′ ሺܾଷ െ ܾସሻ ൅ ݊଴ሺܾହሻ ൅ ݉଴ሺܾ଴ ൅ ܾଵ ൅ 6ܾଶሻ ൅ ݌଴ሺ4ܾଷ ൅ 4ܾସሻ൨ 
݌ଵ ൌ 116ܾ଴ ൤݇଴ሺܾ଴ െ ܾ଻ሻ ൅ ݈଴ሺെܾ଴ ൅ ܾ଻ሻ ൅ ݈଴
′ ሺെܾ଴ ൅ ܾ଻ሻ ൅ ݊଴ሺܾ଴ െ ܾ଻ሻ ൅ ݉଴ሺ5ܾ଴ െ 4ܾ଺ሻ ൅ ݌଴ሺ8ܾ଴ ൅ 4ܾ଺ ൅ 4ܾ଻ሻ൨ 
(16)
where 
ܾ଴ ൌ න ߣሺߠሻsinߠ݀ߠ
గ
ଶ
଴
 ܾଵ ൌ න ߣሺߠሻ cosସ ߠ sinߠ݀ߠ
గ
ଶ
଴
 ܾଶ ൌ න ߣሺߠሻ cosଶ ߠ sinߠ݀ߠ
గ
ଶ
଴
 
(17)ܾଷ ൌ න ߣሺߠሻ cosଶ ߠ sinଷ ߠ ݀ߠ
గ
ଶ
଴
 ܾସ ൌ න ߣሺߠሻ sinଷ ߠ ݀ߠ
గ
ଶ
଴
 ܾହ ൌ න ߣሺߠሻ sinହ ߠ ݀ߠ
గ
ଶ
଴
 
ܾ଺ ൌ න ߣሺߠሻcos2ߠ݀ߠ
గ
ଶ
଴
 ܾ଻ ൌ න ߣሺߠሻcos4ߠ݀ߠ
గ
ଶ
଴
 
When ߣሺߠሻ is constant (3D random distribution function), the orientation average expression 
reproduces the analytic results of the random orientation case (Barai and Weng, 2011; Qiu and 
Weng, 1990; Yang et al., 2013b). We expect that our algebraic expression of orientation average 
can be widely applicable to the problems described by transversely isotropic 4th order tensors. 
  
3. Results and Discussions 
 
Table 1 Elastic constants used in the calculation of the effective moduli of the CNT-reinforced 
LaRC-CP2 polymer composite. The data are based on other research studies(Barai and Weng, 
2011; Odegard et al., 2003), and the tangential compliance at interfacial damage between the 
polymer and CNT is set 10 nm/GPa(Barai and Weng, 2011). 
Material properties Matrix phase Carbon nanotube (CNT) 
Young’s modulus (E) 0.85 GPa  
Poisson’s ratio ሺνሻ 0.4  
Longitudinal Young’s modulus ሺEଵଵሻ  1.06 TPa 
Transverse bulk modulus ሺߢଶଷሻ  271 GPa 
Transverse shear modulus ሺߤଶଷሻ  17 GPa 
In-plane shear modulus ሺߤଵଶሻ  442 GPa 
In-plane Poisson’s ratio ሺߥଵଶሻ  0.162 
 
We apply our oaMT with the interfacial damage correction to the prediction of the 
effective moduli of CNT-reinforced LaRC-CP2 polymers. The material constants used in our 
calculations are listed in Table 1. Following previous studies (Barai and Weng, 2011), we only 
consider the tangential part in the linear spring model (see Fig.2) and set the normal compliance 
to zero ሺߚ ൌ 0ሻ  because finite normal spring compliance may cause a nonphysical 
configuration such as the overlap of the filler and matrix volumes. To avoid such a problem, it 
is necessary to set the spring compliance to be a non-linear function of the displacement jump, 
which makes the evaluation of effective moduli highly difficult (Wang et al., 2005), which is 
beyond the scope of this study. The tangential spring model can describe the interfacial slip. 
 
3.1 Effective modulus of composite in the presence of interfacial damage 
First, we compare the effective moduli of composites with the previous R tensor and 
the corrected R tensor. We correct two simple typographical errors in the Q1111 and Q2222 
components, but leave the mathematical error in the Q1122 component when considering the 
previous ܴ tensor. Fig.8 and Fig.9 depicts the elastic moduli as functions of the filler aspect 
ratio for the two limiting cases of fully random and fully aligned distributions respectively. 
Figs.8 show the Young’s modulus and the shear modulus of the composite when the fillers are 
randomly oriented. Under perfect interfacial bonding condition, both elastic moduli increase 
with the aspect ratio of fillers at a given volume fraction (Fig.8). The moduli dramatically rise 
when the aspect ratio reaches approximately 100 and saturate when the aspect ratio exceed 
1000. The same trend can be found in the longitudinal and transverse Young’s modulus when 
fillers are fully aligned (Fig.9). We note that, when the interfacial imperfection is taken into 
account, the effective moduli should become lower than the perfect bonding condition. As 
shown in the Fig.8 and Fig.9, the effective moduli obtained from the previous ܴ tensor are 
lower than those with perfect bonding in the most range. However, they have singularities near 
some aspect ratio values due to the presence of a singularity in the wrongly obtained Q1122 
component. The singularity in the effective moduli can only be found when the aspect ratio is 
less than 100, and the number of singularities change with material properties of each phases 
and the volume fraction of fillers. The insets in Fig.8 and Fig.9 show that effective modulus at 
the aspect ratio of unity, i.e., ߩ ൌ 1. The effective moduli based on previous ܴ tensor does 
not converge to the effective moduli of composite with spherical fillers, i.e., ߩ = 1 (Qu, 1993). 
In comparison, the effective moduli obtained from the corrected R tensor are continuous 
functions of the aspect ratio, are always lower than their counterparts with perfect bonding 
condition, and converge to the known values for spherical fillers. We suspect that these 
problems have not been identified because previous studies consider the composites having 
fillers in the range of very high aspect ratio (> 1,000) where the previous R tensor does not 
show a singularity (Barai and Weng, 2011; Pan et al., 2013; Shokrieh et al., 2016; Yang et al., 
2013b). In addition, for large aspect ratio, the difference between the results with previous and 
corrected ܴ tensors becomes rather negligible because the Q1122 component becomes nearly 
zero in the limit of large aspect ratio (Fig.3). However, we note that the use of the corrected ܴ 
tensor is crucial in the small aspect ratio range smaller than 100. 
 
3.2 Effective modulus of composite with partially aligned fillers 
Second, we compute the effective modulus when the fillers are partially aligned with 
the orientation distribution of ߣሺߠሻ ൌ expሺെ݇ߠଶሻ . We can study the effect of alignment by 
tuning the parameter k. The orientation averaged transversely isotropic tensor in Eq. (6) can be 
easily evaluated from the linear combinations of eight constants. Figs.10 show the change of 
longitudinal and transverse Young’s modulus with k and aspect ratio ߩ at a fixed volume 
fraction (2.5%). Because the moduli are calculated from the corrected R tensor, they do not 
suffer from singularity problems. When the degree of filler alignment reduces (i.e., when k 
decreases), the difference between two moduli diminishes and they eventually converges at 
݇ ൌ 0. We find that both moduli increase with the aspect ratio. In contrast, when k increases, 
the longitudinal modulus increases whereas the transverse modulus decreases, as expected. We 
also demonstrate the combined effect of volume fraction and orientation distribution in Fig.11. 
Both moduli increase when the volume fraction increases, and they approach the modulus of 
matrix in the zero volume fraction limit. We note that the contour plot depicted in Fig.11 can 
be easily obtained for any arbitrary axisymmetric orientation distribution of axisymmetric 
ellipsoidal fillers by computing the eight constants ܾ଴, … , ܾ଻. which will facilitate the use of 
the micromechanics approach in designing and predicting the performance of the composites.
4. Conclusions 
We computed the effective moduli of composites as functions of the aspect ratio of fillers, 
degree of orientation in the presence of interfacial damage. With appropriate corrections in the 
interfacial damage tensor and orientation average scheme, the spurious singularities in the 
effective composite modulus predictions are eliminated, and the longitudinal and transverse 
moduli converges in the limit of random orientation distribution of fillers. We demonstrated 
that the magnitude of moduli can be tuned by either the aspect ratio or the volume fraction, and 
that the directional elastic properties can be tuned by controlling the orientation distribution of 
fillers. To facilitate the application of our method, we derived an analytic expression for the 
orientation average for arbitrary axisymmetric filler orientation distribution. We believe that 
our study can provide a comprehensive guidance in the effort to tune the effective moduli of 
composite materials. 
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Figure Set  
 
Fig.1 Schematic of homogenization scheme for RVE of reinforced composite. 
  
 Fig.2 Interface spring model to simulate the damaged interface between matrix and filler. To 
visualize the interface spring, we draw a gap at the interface whose thickness is originally zero. 
  
 Fig.3 Independent components in P and Q tensor respect to aspect ratio of the filler. Previous 
and corrected Q1122 component, one of the damaged interface properties components, with 
respect to the aspect ratio of the filler. The triangular symbol and dashed line are the known 
value at the aspect ratio of 1 and infinite respectively, reported by (Qu, 1993). 
  
 Fig.4 The drawing process at composite manufacturing process and the microstructure of 
composite after process. 
  
 Fig.5 The local coordinates (ݔଵ, ݔଶ, ݔଷ) and global coordinates (Xଵ, Xଶ, Xଷ) displayed with the 
spherical coordinates. 
  
 Fig.6 Various orientation distribution functions of fillers in composite respect to different k 
value and the microstructure for corresponding k value. 
  
 Fig.7 Modulus in the longitudinal (Xଵ) and transverse directions (Xଶ, Xଷ). The dashed lines are 
the results from known analytic expressions. The parameters used in calculation are listed in 
Table 1, and the volume concentration (ܿଵ) is 1%. 
  
 Fig.8 (a) Effective Young’s modulus and (b) shear modulus of a composite with randomly 
oriented fillers with 1% volume concentration. The inset in each figure show the results near 
the aspect ratio of 1. 
  
 Fig.9 (a) Longitudinal Young’s modulus and (b) transverse Young’s modulus of a composite 
whose orientation distribution of fillers is aligned distribution. The volume concentration of 
fillers is 1%. 
  
 Fig.10 (a) Longitudinal Young’s modulusሺܧ௅ሻ and (b) transverse Young’s modulusሺܧ்ሻ with 
a normal distribution of fillers as functions of k value and aspect ratio of fillers under fixed 
volume fraction (2.5%) 
  
 Fig.11 (a) Longitudinalሺܧ௅ሻ and (b) transverseሺܧ்ሻ Young’s modulus with respect to the 
degree of orientation (k) and the volume fraction of the fillers under fixed aspect ratio 1000. 
  
Appendix: Eshelby tensor (S) for ellipsoidal shape inclusion. 
For an ellipsoidal inclusion with symmetric axis(x1) in isotropic matrix, Eshelby tensor can be 
expressed as below, 
ଵܵଵଵଵ ൌ 12ሺ1 െ ߥ଴ሻ ቊ1 െ 2ߥ଴ ൅
3ߩଶ െ 1
ߩଶ െ 1 െ ቈ1 െ 2ߥ଴ ൅
3ߩଶ
ߩଶ െ 1቉ ݃ቋ 
ܵଶଶଶଶ ൌ ܵଷଷଷଷ ൌ 38ሺ1 െ ߥ଴ሻ
ߩଶ
ߩଶ െ 1 ൅
1
4ሺ1 െ ߥ଴ሻ ൤1 െ 2ߥ଴ െ
9
4ሺߩଶ െ 1ሻ൨ ݃ 
ܵଶଶଷଷ ൌ ܵଷଷଶଶ ൌ 14ሺ1 െ ߥ଴ሻ ቊ
ߩଶ
2ሺߩଶ െ 1ሻ െ ൤1 െ 2ߥ଴ ൅
3
4ሺߩଶ െ 1ሻ൨ ݃ቋ 
ܵଶଶଵଵ ൌ ܵଷଷଵଵ ൌ െ 12ሺ1 െ ߥ଴ሻ
ߩଶ
ߩଶ െ 1 ൅
1
4ሺ1 െ ߥ଴ሻ ቊ
3ߩଶ
ߩଶ െ 1 െ ሺ1 െ 2ߥ଴ሻቋ ݃ 
ଵܵଵଶଶ ൌ ଵܵଵଷଷ ൌ െ 12ሺ1 െ ߥ଴ሻ ൤1 െ 2ߥ଴ ൅
1
ߩଶ െ 1൨ ൅
1
2ሺ1 െ ߥ଴ሻ ൤1 െ 2ߥ଴ ൅
3
2ሺߩଶ െ 1ሻ൨ ݃ 
ܵଶଷଶଷ ൌ 14ሺ1 െ ߥ଴ሻ ቊ
ߩଶ
2ሺߩଶ െ 1ሻ ൅ ൤1 െ 2ߥ଴ െ
3
4ሺߩଶ െ 1ሻ൨ ݃ቋ 
ଵܵଶଵଶ ൌ ଵܵଷଵଷ ൌ 14ሺ1 െ ߥ଴ሻ ቊ1 െ 2ߥ଴ െ
ߩଶ ൅ 1
ߩଶ െ 1 െ
1
2 ቈ1 െ 2ߥ଴ െ
3ሺߩଶ ൅ 1ሻ
ߩଶ െ 1 ቉ ݃ቋ 
Where ߩ is the aspect ratio of filler and ν଴ is Poisson ratio of matrix. Other components can 
be obtained by using minor symmetry condition൫ ௜ܵ௝௞௟ ൌ ௝ܵ௜௞௟ ൌ ௜ܵ௝௟௞൯. The ݃ is given by  
݃ ൌ ߩሺߩଶ െ 1ሻଷ/ଶ ൜ߩሺߩ
ଶ െ 1ሻଵଶ െ coshିଵ ߩൠ prolate shape 
 ൌ ߩሺ1 െ ߩଶሻଷ/ଶ ൜cos
ିଵ ߩ െ ߩሺ1 െ ߩଶሻଵଶൠ oblate shape 
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